CC9: Unit-2: Multivariate Calculus-11
Double Integration:

Change the order of integration in the following double integrals:
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2a 3a—x 1 3—2y
/ dw/ [z, y)dy 18 / dy/ (12 — 32 — 4)dz
0 by 0 y2
By changing the order of integration prove that / dx/ =7{f(m)— f(0)}.
0 0 (a —x)(z —y)

. 1 1-z dy T 2e
By changing the order of integration prove that / dy / =—log|——|.
0 0 1+ev)y/1—a2—y? 2 L+e

. . . ! ydy m—1
By changing the order of integration prove that /0 dy / At a2 0+ =
By changing the order of integration prove that / 1 dy / : y>dy =2 - 1
0 (& +9)2V/1+y? 2

Let f be a bounded function of z,y over rectangular region R]a,b;c,d]. Considering a partition P of

Rla, b; c,d], define lower sum L(P; f) and upper sum U(P; f). when f is integrable over R?

Let a function f be defined on R[1,2 ;3,5] by f(x,y) =z + 2y, for (z,y) € R[1,2 ;3,5]. Find the lower

integral sum and upper integral sum. Does / / f(z,y)dxdy exists?
R

when y is rational

x when y is irrational

1
Let a function f be defined on R[0,1 ;0,1] by f(z,y) = { 2

(i) Does //R f(x,y)dxdy exists?

1 1 1 1
(ii) Examine whether the iterated integrals / dy / f(z,y)dx and / dx / f(z,y)dy exist.
0 0 0 0
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State the necessary and sufficient condition for the integrability of a f be a bounded function of x,y over

rectangular region R[a, b;c, d].

Prove that if the double integral exists, the two repeated integrals can not exist without being equal.
y y
Prove that daz s dy # dy ———dr.

Evaluate the following integrals:

5T 35 /1 /1 dzdy
/0 /Ocos(:v+y) dxdy R RN

1 pl—y? 1 r1
/ / {(az —1)% + y2} dxdy 36. / / |z + yldzdy
0 0 —-1J-1

1 T 1 1
/ dm/ Var? —y? dy 37. / dx/ xy(x — y)dzdy
0 0 0 0

3 I3 2 VY
/ / sin(z + y) dzdy 38. / daz/ (1+z+y)dy
0 Jo 0 y
a b 1 3—2y
/ d:c/ zy(z® + y*)dy 39. / dy/ (12 — 3z — 4)dx
0 0 0 y2
2 6—x a T
/ da?/ 22y dy 40. / dl’/ xy(x +y) dy
0 2z 0 x2

Evaluate // [z + y| dzdy, where R is the rectangle bounded by z =0, x =1; y =0, y = 2.
R

1
Prove that / V |y — 22| dedy = 6(37r + 8), where R is the rectangle bounded by x = —1, = = 1;
R
y=0,y=2

Evaluate // (y — ) dxdy, where R is the rectangle in zy- plane bounded by y = z — 3, y = x + 1;
R
y+z =5, y+x="7.

1
Prove that // 23y3 dedy = 4—8(174 —a*)(¢* — p*), where R is the region bounded by y? = az, y? = ba;
R
2 =py, 22 =qy, where 0 <a <band 0 < p < q.

2,2 2 4 .2
Use the transformation u = — +Y , U= Tty to evaluate the integral / / xy dxdy, where R is the
-l Y R

region common to the circles 22 + % =z, 2% +y* = v.

2
Prove that / Vary(l—z —vy) dedy = T%’ where R is the triangle bounded by the lines x = 0,y = 0
R
and x +y = 1.

Evaluate // V202 — 2a(z + ) — (22 4 y2) daxdy, the region R of integration is the circle with center at
R

(a,a) and radius 2a.

202 _ p202 _ g2 2 2
Evaluate / / \/ a4 22— aty? 5 dzdy, R is the positive quadrant of the ellipse 3:7 + = v 1.
R

a?b? + b2x2 + a2y? b2
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Show that the integral / / evir dxdy, where R is the triangular region with vertices (0,0),(0,1) and
R
(1,0) is 2(e—1).

Evaluate // xzyg - dxdy over the region bounded by the lines z =0,y =0,z +y = 1.
(1—x—1y)s

dxd
Show that // T 12: Y 7y where R is the triangular region with vertices (0,0), (2,0) and (1,/3) is
x

V3 11
Ttan 5-

Prove that / / V22 +y? dxdy, where R is the region in zy-plane bounded by the concentric circles
R
2> +y? =1and 2° +y? =4 is %ﬂ

dxdy

4
dxdy = log
y+1)2 —4dzy

Using the transformation = (1 +v), y = v(1 + u), show that / / N
(z+

1 T
1
Show that / dx/ Va2 +y?dy = 6{\@ + log(1 + V/2)} by transforming it into polar coordinates.
0 0
Show that / / | cos(x + y)|dzdy = 27 by using the substitution x = u — v,y = v.
Evaluate / / sin ( > dxdy, where R is the region in zy-plane bounded by x = 0,y = 0 and z+y = 1.

Prove that // sinz sin ysin(x 4 y)dzxdy = 116’ where R is the region in xy-plane bounded by z = 0,y =0
R
and r +y = 3.

Evaluate /2 /2 \/ s1‘ng§ dodf, by using the substitution x = sin ¢ cosf, y = sin ¢ sin f.
0 0 Sin

2a Vdaz—x? y2
Evaluate the integral / dx / (1 + 2) dy by changing the coordinates to r, 6, where
T

V2ax—az?
x =rcos’f,y =rsinfcosb.

/ b/
Show that / / log L where R is the region bounded by four circles
Ly
2?4+ y? =ax,2® +y?> = d'x, 2 +y?> = bx and 2% + > = b'x.
S .
Show that / d(b/ f(1 —sinf cos ¢) sin Odh = 2/ f(z) dx
0 0 0

1

2 2\ ™M 1
If m > 0, prove that // (1 — % - y2> f(px + qy)d:vdy = 5(5 m + l)ab/ (1- x2)m+%f(k;a:)dx
a -1
where R is the region in xy-plane bounded by the ellipse Z; o+ 2’2 =1 and k = \/p2a? + ¢2b2.
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Surface area by using multiple Integration:

. Show that the surface area of the part of the surface of the sphere z? 4+ 4% + 22 = a? which is cut out by

the cylinder 2 + 22 = az is 2(7 — 2)a®.

. Show that the surface area of the part of the surface of the sphere z? + y? + 22 = 4a? enclosed by the

cylinder (22 + y?)? = 2a%(222 + y?) is 16(m — V/2)a?.

Find the area of the surface of the sphere 22 + y? + (2 — 2)®> = 4 which lies outside the paraboloid
2 +y? =3z

2

Show that the surface area of the part of the surface of the cone z? = 2% 4 y? which is cut out by the

cylinder 22 = 2py is 2v/2mp?.

Show that the surface area of the part of the surface of the cylinder x? 4+ y? = a? which is cut out by the
cylinder 22 + 22 = a? is 8a?.

2

Show that the surface area of the part of the surface of the cone 22 + y? = 2 inside the cylinder the

cylinder 22 + 32 = a? is 27wa?.
Show that the surface area of the part of the surface of the cone 22 4+ 4% = 2 cut off by the cylinder the
cylinder 22 — 3% = a? and the planes y = b,y = —b is 8/2 ab.

Show that the surface area of the part of the surface z = xy cut off by the cylinder the cylinder 22 +1? = a?
is Z{(1+ az)% —1}.

2

Show that the surface area of the part of the cone z? = 224y inside the cylinder the cylinder 2% +? = 2z

is 24/2 .

Show that the surface area of the part of the surface of the paraboloid %2 + y—; = 2z inside the cylinder

T4 ¥ — ks 2n{(1+ k)2 — 1}ab.

4
Evaluate // <z + 2z + 5y> dS, where S is the portion of the plane 5 + % + % = 1, lying in the first
S

octant.

Evaluate // xyz dS, where S is the portion of the plane x + y 4+ z = 1, lying in the first octant.
S

Evaluate // x dS, where S is the portion of the sphere 22 + 32 + 22 = @2, lying in the first octant.
S

Evaluate // Va2 — 22 —y? dS, where S is the hemisphere z = \/a? — 22 — y2.
S

Evaluate // z2y? dS, where S is the hemisphere z = /a2 — 22 — 12.
S

Evaluate / / z?y?z dS, where S is the positive side of the lower half of the sphere 22 + y2 + 22 = a2.
S

2

Evaluate // 22 dS, where S is the outer side of the ellipsoid i—z + g—j +45 =1
S
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Triple Integration:

Evaluate the following triple integral:

3a r2a ra 3z
. / / / (x 4+ y + z)dzdydz / / / dzdydw
o Jo Jo

1 1 pl-z N s
/ / / rdzdzdy 5. / / / (v + 22 dzdydx
0o Jy2Jo 0o Jo a
a rr prxty 1 11—z l—z—y
/ / / e dzdyda 6. / d:n/ dy/ (1+z+y+2)dz
0 Jy2Jo 0 0 0

31
Show that /// I+z+y+ 2)2 dxdydz = 0’ where F is the tetrahedron bounded by the planes x =
E
0,y=0,z=0andz+y+2=1.

dxdyd 1 256
Show that / / / rayaz = —log | — |, where F is the tetrahedron bounded by the planes
r(l+xz+y+2)3 16 e’
r=0y=0,z=0andx+y+2z=1.
1
Show that /// 2?y? 22 (x +y + 2) dedydz = £0400° where E is the tetrahedron bounded by the planes

r=0y=0,z=0andxz+y+2z=1.

Evaluate /// Y1l —x—y— z)/\ dxdydz ; o, 8,7, A > —1, where F is the tetrahedron bounded
E
by the planes x =0,y =0,z=0and z +y + 2z = 1.

dedyd 2
Show that /// rayes — L where E = {(z,y,2) : 2* + > +2* < 1}.
Ey1—a2—y2—22 8

Show that /// 22+’ +z ) drdydz = —, where E is the volume of the sphere 22 + y? + 22 < 1.

1 — 22 — 2 — 22
Evaluate /// 1:2 gy —z dxdydz, where E is the positive octant of the sphere 2 + y? + 22 < 1.
g\ 1+ 224y + 22

2 2 2

x z
Show that the mass of the solid in the form of the positive octant of the ellipsoid — + Z—z + = =1, the

a c
density at any point (z,y, z) being zyz.

22 2 2 2 2 2
Evaluate /// eV ETETE dudydz, where E is the ellipsoid =5 + % + == <1, a,b,¢ > 0.
E a

b2 2

2 .2 2
Evaluate // Va2b2c® — 2222 — 2a2y? — a2b?22 dadydz, where E = {(:U,y, 2): % L E < 1}
E a

d.Tdde 3 2 2 2
Show that = 2+ —log3 |, where £ = {(z,y,2) : 2 +y* + z° < 1}.
v ///Ex2+y2+(z—$)2 W( 2 % ) v Hev,2) Y J

4
Show that /// (ax + by + cz)dxdydz = 1—57r(a2 + % 4 ¢?), where E = {(2,y,2) : 22 + 3> + 22 < 1}.
E

4
Show that /// (12% 4+ my? + n2?)2dedydz = 1—57r(l +m 4 n)a’, where E = {(x,y, 2) : 22 +y>+2% < a®}.
E



Volume of a solid by using multiple Integration:
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2
. Prove that the volume common to the sphere 22 + y? + 2% = a? and the cylinder z? + y? = ax is §(37r —4)a’.

2 .
Prove that the volume common to the sphere 22 + 3? 4+ 22 = a® and the cylinder 2 + y? = ay is §(37r —4)a>.
3

2 .
Prove that the volume common to the surface y? + 22 = 4az and the cylinder 2 + y? = 2ax is §(37r + 8)a3.

16
. Prove that the volume common to the cylinders 22 + y? = a® and the cylinder 22 + 2% = a2 is Eag.
Using surface integral show that the volume of the sphere 22 + y? + 22 = a® is §7ra3.
22 g2 2
Using surface integral show that the volume of the ellipsoid — + 22 +—5=1Is gwabc.
a c

Show that the volume of the solid bounded by the z? 4+ y? 4+ 22 = 4 and the surface of the paraboloid
19
22 +y? =3z is EW'

2 2 2

Prove that the volume common to the ellipsoid :% + 3;—2 + — =1 and the cylinder 2+t =ay is
a c

2

=(37 — 4)a’b.

9( T —4)a

Prove that the volume of the solid bounded by the parabolic cylinder z = 4 — y? and bounded below by

the elliptic paraboloid 22 + 3y? = z is 4.

2?2 g2 2?2 42 2
Compute the volume of the solid bounded by xy-plane, paraboloid z = — + 5l and cylinder — + 2.
a a a
2 2

Prove that the volume included between the cylinder 2% + y? = a? and the elliptic paraboloid r + La—)
p q

and xy-plane is p qwa4.

Find the volume of the region bounded by the plane z = x + y and the paraboloid 22 + y* = cz.

Show that the volume of the region bounded by the surface \/E + \/2 + \/; = 1 and three coordinate
a c

| . abc
anes 1S ——.
P 90

Find the volume of the solid bounded above by the surface 222 4+ 4y? + z = 4 and bounded below by the
surface 222 + 4y? — 4z = 4.

2

Find the volume of the solid bounded by the surfaces 2? + 32 = 2az , 22 + y? — 22 = a® and z = 0.

Compute the volume of the solid bounded by the surface (22 + % + 2%)? = a3z.

Determine the volume of the solid bounded by the surfaces z = x +y, ay =1, 2y =2, y =2, y =2z, z =0,

where z > 0, y > 0.

Compute the volume of the solid bounded by the paraboloid z2 + y? = a(a —2z), z >0 and sphere

$2+y2+z2=a2.
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Differentiation under the sign of Integration:

. Show that / log(1 + acosz)dx = ﬂlog (1++v1-a?), |a| < 1.
0

" log(1l 4+ acosx)

. Show that dr = msin"'a, |a| < 1.
0 cos
2 log(1 + asin® z)
Show that de=n(vV/1+a—1), a>—1.
0 sin? z
™ log(1
Show that / og(1 + sinacosz) dx = Ta.
0 cos

Showthat/210g1+cosacosx)div:1 77—2—042 )
Ccos ¥ 2\ 4

o

Show that / log(1 — 22 sin® 0)df = Wlog (1++1—2a?) / log(1 — 22 cos®0)dd, for |z| < 1.

o

Show that/ log(1 — e?sin 9)d0—7rlog (1++V1—e¢?), for0<e?<1.

o

Hence find / log(sin 6)d

1
Show that / log(a® cos? 0 + b* sin? 0)df = wlog = 5(a+b), fora>0, b>0.

Show that /2 log <a+bs1n9> .dH = rsin”! (b>7 for b < a.

o

0 a—bsinf ) sinf a
3 |ab|dx 77
Show that =g »beR-10},
ow e /0 (a?cos? x + b?sin*z) 2 ’ o
3 |ab|dx m(a® +b%)
H how that -
ence show tha /0 (a2 cos? z + b2 sin? z)2 4|ab|?

Show that / log(1 — 2acosz 4 a?)dz = mlog(a?), where |a| > 1.
0

0
Show that / log(1 + tan 6 tan z)dx = 6log(sec ), where —5 < 6 < 3
0

s

Show that /2 sin @ cos ™! (cos a cosech) df = g(l —cosa), 0<a< g
T

% log(1 1
Show that /0 de =3 log(1+a*)tan"ta, a> 0.
1, —1
tan™" (ax) T
Show that / ————dr = = log(a + 1+ a?).
AN )
1
1+ azx dx .1 9
Show that lo =msin_ "a, a* < 1.
/0 g(l—aaz) v 1 — 12 -
1 1 1 .a—1
Assuming that / x% dx = , (a > —1); deduce that / dr =log1+ a.
0 1+a o logx
1 1 l.b—l _ xa—l b
Assuming that / %1 dr = =, (a > 0); deduce that / ——————dx =log () , a>0,b>0.
0 a 0 log a
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o0 o0 cx2
Evaluate / e " cosmaz dr. Deduce that / e~ cosmz dr = ?6_4.
0 0
[eS) 1 00 p—aT _ o—ax b
Let / e ™ dx = —, y > 0. Deduce that / ——— dx =log <> , a>0,b>0.
0 Yy 0 z a

Under certain condition show that / flaz) = f(br) dx = f(0)log <b) , a>0,b>0.
0 a

X

Show that / COSTY g = Sme™¥ and / ST g = gl —e™) y> 0.
0 X

0 1+ a2 (14 22)

) oo o oo ) ﬁl‘ .
Starting from / e " cosfr dr = ———5, « >0 show that / e “gin| — | dr =tan
0 a’+ B 0 x

2 _p2
_ebx

e—zdx:\/?r(\/l;—

e.) 9 o0 —ax
Evaluate / e " dz, show that /
0 0 €T

oo o0
Evaluate / e”sintr dx, Use the result to evaluate / e
0 0

. o0 1 T o0 1 _ e—aI2
Given e~ dp = - —, a >0, evaluate — dz.
0 2V a 0 rer”

cosbxr — coscz

Vva ), where a > 0, b> 0.

X

> 4 * tan~!(bz) — tan~!
Using / @ T a > 0, show that / an” (bz) — tan
0

1+ o222  2a’ 0 x

Csinaxr T * cosaxr — cosbx T
Using / = —, a > 0, show that / ) dr = 5
0

x 2 0 x?

n!
antl,

3 > —Qax ]' > n_—oax
Using e dx = —, a > 0, show that x"e dr =
0 aQ 0

dx, where a > 0.

(az) d:czﬂlog<2), b>a>0.
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Vector Integration:

Define the following terms:

(a) Vector field. (g) Circulation of a vector function.
(b) Divergence of a vector function. (h) Conservative Force Field.

(c¢) Curl of a vector function. (i) Scalar potential.

(d) Irrotational vector field. (j) Line Integrals.

(e) Solenoidal vector field. (k) Conservative vector field.

(f) Independent path. (1) Work done.

State the following Theorems:

(a) Fundamental Theorem for line integrals. (c) Stokes’Theorem in space.

(b) Gauess’Divergence Theorem. (d) Green’s Theorem in a plane.

Prove that if F is a continuous vector function defined in a region R, then ?{ F.dris independent of
C
the path if and only if there exists a single valued scalar point function ¢ having continuous first order

partial derivatives in R such that F= 6(#

Prove that for a continuous vector function F defined in a simply connected region R, f F.dris
C
independent of the path joining any two points in R if and only if f F.dr= 0, for every simple closed
C
path C in R.

Prove that for a continuous vector function F defined in a simply connected region R, ?{ F.dr=0
C

around every simple closed path C in R , if VxF=0 every where in R.

Prove the necessary and sufficient condition that F.dris independent of the path joining any two

S~

points in R is that VxFEF=0 every where in R.

If F be a irrotational vector in a simply connected region R, show that there exist scalar point function

¢ such that F= ﬁqb.

Define irrotational vector field. Show that the vector field F = (2% + xy?)i + (y° + 22y)] is irrotational.
Also find the scalar function ¢ such that F= ﬁgb.

Find the circulation of the vector function F around the curve 2 +y? =1,z = 0, where F= yi+ 2] + k.

Find the work done in moving a particle once around the circle 22 + 2 = 9 in the zy-plane, where the

vector field F is given by F = (2¢ —y+2)i+ (x+y— 22)] + 3z — 2y + 42)k.

Find the circulation of the vector function F around the curve C, where F = (22 + y%)i + (3y — 4z)7,
where C' is the curve y = z2 from (0,0) to (1,1) and = = %2 from (1, 1) to (0,0).
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22.

23.

24.

25.

Find the circulation of F = (2m—y—|—4z)%—|—(m+y—22)§+(3$—2y+422)l% along the circle 22 +4%2 = 9,2 =0
Let F = (2y + 3)i + 22) + (yz — :B)l% Evaluate /CF” - dr along the following path C.

(a) 2 =2t2 y=t,z=1t3 fromt=0tot=1.

(b) the straight lines from (0,0, 0) to (0,0,1), then to (0,1,1), and then to (2,1,1).

(c) the straight lines joining from (0,0,0) to (2,1,1).
Find the work done in moving a particle in the force field F =3z% + (2zz — y)j + 2k along the path.
(a) 2 =2t y=t,z=4t> —t, fromt =0to t = 1.

(b) the curve defined by 2? = 4y, 323 = 8z, from x = 0 to = = 2.

(c) the straight lines joining from (0,0,0) to (2,1, 3).

Prove that F = (y%cosz + 2°)i + (2ysinz — 4)] + (322 4+ 2)k is a conservative force field. Find the

scalar potential for F. Also find the work done in moving a particle in the field from (0,1,-1) to (5, —1,2).
Prove that F' = r? 7 is a conservative force field. Find the scalar potential for F.

Show that F = (2zy + 2°)1 + 22 + 3x2%k is a conservative force field. Find the work done in moving an

object in this field from (1,—2,1) to (3,1,4).
Determine whether the force field F = 2z2i 4 (2% — y)] + (22 — ?)k is a conservative force field or not.

Let F = (yz +22)i + x2) + (22 + xy)l% Evaluate / F' - dr along the curve C given by 22 +y2 =1,z = 1
C
in the positive direction from (0,1, 1) to (1,0,1).

Evaluate // A-q ds, where A =18zi — 125 + Syl;:, where S is the part of the plane 2z + 3y + 62 = 12
S

which is located in the first octant.

Evaluate // A - f ds, where A=+ z] — 3y2,zl%, where S is the surface of the cylinder 22 4 y? = 16
S

included in the first octant between z = 0 and z = 5.

Evaluate // (ﬁ -n) ds, where F=dxzi — v2] + yzl;:, where S is the surface of the cube bounded by
S

r=0,z=1;, y=0,y=1; 2=0, z=1.

Evaluate // (V x F) - ds, where F = yi+ (z —222)] — zyk, where S is the surface of the sphere

22+ y? 4 22 = a? above zy-plane.

Calculate // F-i ds, where F = zi— y27 + 22k taken over the region bounded by x = 0,y = 0,2z =
S
0,z=4and 22 +3%> =9

Calculate / / F-q ds, where F= Qi — 2] + 2%k, where S is the surface of the parabolic cylinder y? = 8z
S

in the first octant bounded by the planes y = 4 and z = 6.

10
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27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Calculate // F-fds, where F =621 + (2z +y)j — zk, where S is the entire surface of the region
S
bounded by the cylinder 22 + 22 =9, 2 =0, y=0, 2=0 and y = 8.

Calculate // F-n ds, where F =dzzi+ zyz2] + 3zk, where S is the entire surface of the region above
S

ry-plane bounded by the cone 22 + 3? = 2% and the plane z = 4.

Evaluate // (V x F) -1 ds, where F = (z + 2y)i — 3z) + xk, where S is the surface of the plane 2z +
S
y+2z=6bounded by z =0, z=1; y=0, y=2.

Evaluate // ¢ 1 ds, where ¢ = 4o + 3y — 2z and S is the surface of the plane 2z + y + 22 = 6 bounded
S

byx=0,x=1;, y=0, y=2.

Evaluate /// (6 . ﬁ) dv, F= (2:E2 — 32)% — 2xyj — 4zk and V is the volume of the region bounded
1%
by planes x =0, y =0, z =0 and 2z + 2y + z = 4.

Evaluate /// <6 X ﬁ) dV, F = (222 — 32)i — 2zy) — 4xk and V is the volume of the region bounded
\%
by planes x =0, y =0, 2 =0 and 2z 4+ 2y + z = 4.

Evaluate /// F dV, where F =2z — zj + yQIAf and V is the volume of the region bounded by the
1%

surfaces 1 =0, y =0, y =6, 2 = 2? and z = 4.

Verify Green’s theorem in a plane for 7{ {(2? + zy)dx + xdy}, where C is the curve enclosing the region
C
bounded by y = 22 and y = z.

Verify Green’s theorem in a plane for 7{ {(2z — y)dz — zydy}, where C is the boundary of the region
C
enclosed by 22 + y?> =1 and 22 +y% = 9.

Verify Green’s theorem in a plane for jq{ {(2xy — 2*)dx(2® + y*)dy}, where C is the boundary of the
C

region enclosed by y? = = and y = 2.

1
Use Green’s theorem in a plane to show 3 j(I{ (xdy — ydz) represents the area bounded by the simple
C

closed curve C. Hence show that the area of the ellipse z = acost,y = bsint is mwab.

Use Green’s theorem in zy-plane to evaluate }1{ {(y — sinx)dx + cos zdy} , where C is the triangle having
C

vertices (0,0),(5,0) and (5, 1). Also calculate it without using Green’s theorem. Justify your result.

Verify Green’s theorem for the function F = (322 — 8y?)i + (4y — 62y)] over the region bounded by the

curves y = /x and x = |/y.

Evaluate %ﬁ.df’ by Stoke’s theorem where F = Y21+ 22 — (x + z)l;: where C' is the boundary of the
triangle with vertices at (0,0,0), (1,0,0), (0, 1,0).

Verify Stoke’s theorem for the vector function F = (2z — y)% —yz%j — y2l%, where S is the upper half

surface of the sphere 22 + 3% + 22 = 1.
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41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

Use Stoke’s theorem to prove ?{ (d_;" X ﬁ) = // (ﬁ x V
C S

Verify Stoke’s theorem for the vector function A= (y—2+4+2)i+ (yz+4)5 — zzk, where S is the upper
half surface of the cube z =0, y =0, 2=0,2 =2, y =2, z =2 above zy-plane.

Verify Stoke’s theorem for the vector function A=zxzi— yj + a:2y/;:, where S is the surface of the region

r=0,y=0, 2=0,2x +y+ 2z = 8, which is not included zz-plane.

Verify Divergence theorem for the vector function A = dzi — 20°%5 + 221%, taken over the region bounded

by 224+ y?> =4, 2=0and z = 3.

Verify Divergence theorem for the vector function A= 2z2yi — 2] + 4222k, taken over the region in the

first octant bounded by % +22 =9, z =0 and z = 2.

Prove that / (A7) ds = (a+ b+ )V, where S is a closed surface enclosing a volume V and the vector

function A = axi + by + czk.

Let H = V x A. Prove that / / ) ds = 0 for any closed surface S.
Let 7 is the outer drawn unit normal vector to any closed surface of area .S. Prove that / / / (ﬁ . fz) dv = 5.
1%
Prove that ( / / n dS = 0, for any closed surface S. (b) / / 7PxdS = 0, for any closed surface S.
S

A vector A is always normal to a given closed surface S. Prove that // (6 X ff) dV =0, where V is
1%
the region bounded by S.

Some problems on divergence and curl of a vector function:

1.

2.

10.

Prove that the vector A = 3yt2% 4+ 4222 — 3x2y212: is solenoidal.
Find the most general differentiable function f(r) so that f(r)7 is solenoidal.

For what value of the constant a, the vector A = (azy — z3)i + (a — 2)22] + (1 — a)z2%k have its curl

identically equal to zero ?

Prove that V - (ffx é) —B- (ﬁxﬁ) —A. (ﬁxé).

Let A and B are irrotational. Prove that A x B is solenoidal.

If f(r) be differentiable vector function then prove that f(r)7 is irrotational.
Let @ is a constant vector and F = @ x 7. Prove that V - F = 0.

Let u and v are differentiable scalar field. Prove that Vu x Vv is solenoidal.
Prove that (U 6) U= 76U2 ~ U x (6 X U) .

Provethatﬁx( ) ( ﬁ)j—g(ﬁfg—(ffﬁ)é—i—g(ﬁé)
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